We examine in this paper the implementation of Bayesian point predictors of order statistics from a future sample based on the k th lower record values from a generalized exponential distribution.
Introduction
Let {X n , n ≥ 1} be a sequence of independent and identically distributed (iid) random variables with a cumulative distribution function (cdf) F(x; θ) and a probability density function (pdf) f (x; θ), where θ ∈ Θ could be a real-valued vector. We will say that X j is an upper (lower) record value if it exceeds all previous random variables, i.e., if X j > (<)X i for all j > i. By definition, X 1 is the first upper and lower record value.
The origin of the record value theory goes back to [1] , where record values were introduced as a model of the successive extreme sequence of iid random variables. Record value theory for the iid case has been studied quite extensively in the literature. See, e.g., [2, 3] for a detailed survey and the references inside.
In the continuous case, the definition of the k th record values is as follows: For a fixed k, we define the sequence {T n,k , n ≥ 1}, of the k th lower record times of {X n , n ≥ 1} as follows:
T n+1,k = min{j > T n,k : X k:T n,k +k−1 > X k:j+k−1 }, n ≥ 1, where X j:n denotes the j th order statistic of the sample (X 1 , X 2 , . . . , X n ). The sequence {R n(k) , n ≥ 1} = {X k:T n,k +k−1 , n ≥ 1} is called the sequence of the k th lower record values of {X n , n ≥ 1}. In [2] , these records are denoted as the Type 2 k th -record sequence. Note that for k = 1, ordinary lower record times and values are recovered.
Record values can be found in many events in our everyday lives. We are especially interested in observing new records in meteorology, hydrology, sports, and so on. Their usefulness is found for characterization purposes, entropy measures, goodness-of-fit procedures, and various other statistical inferences.
The joint density function of the first n k th lower records is obtained as (see [2] ): f 1,...,n (r 1(k) , . . . , r n(k) ; θ) = k n F(r n(k) ; θ) k n ∏ i=1 f (r i(k) ; θ) F(r i(k) ; θ) , r n(k) < . . . < r 1(k) ,
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where r (k) = (r 1(k) , . . . , r n(k) ) is denoted as an observed realization of R (k) = (R 1(k) , . . . , R n(k) ). Suppose that Y 1 , Y 2 , . . . , Y m are iid observations with cdf F(x; θ) and pdf f (x; θ), which are independent of the X-model. The order statistics of the sample are defined by the increasing order of Y 1 , Y 2 , . . . , Y m , denoted as Y 1:m ≤ Y 2:m ≤ . . . ≤ Y m:m . Order statistics have a broad use in statistics; their usefulness arises for characterization purposes, robust estimation, goodness-of-fit tests, reliability theory, quality control, and so on. Various literature works on order statistics can be found; for a detailed analysis, we recommend [4, 5] and the references therein.
Prediction of future events based on current knowledge is a huge issue in statistics. It can be expressed in various contexts, and it can be generated in different forms. Several papers have been published on predicting future record values based on current records (see [2, 3, 6] ) and prediction of future order statistics based on current order statistics (see [4, 5, 7] ). The problem of predicting record values and order statistics from two independent sequences following two parameter exponential distributions was extensively discussed in [8] .
The motivation behind this research follows from the point predictors of order statistics of a future sample from an exponential distribution based on the upper k th record values published in [9] . In this paper, we deal with point predictors of order statistics based on the lower k th record values from the generalized exponential distribution. Using a monotone transformation between the generalized exponential distribution and exponential distribution, we extend the associated inference and methodology found in [9] to our problem of interest.
This paper is organized as follows: In Section 2, we present a formal structure of the prior model distribution with related posterior densities of the j th order statistics. The construction of predictive intervals and the expressions for point predictors of the order statistics from a future sample, with the maximum as a special case, is addressed in Sections 3 and 4. The overall analysis of derived estimators is illustrated on a real data example and presented in Section 5.
Prior Information and Predictive Distributions
In general, the two parameter generalized exponential distribution with the shape parameter θ and scale parameter λ, denoted as GED(θ, λ), is determined by the pdf and cdf of the form:
where θ, λ > 0. In this work, we deal with the one-parameter generalized exponential distribution, denoted as GED(θ), with pdf and cdf given, respectively, by:
where θ > 0 is a shape parameter. The generalized exponential distribution (GED) is often recognized as a good alternative in situations when the Gamma and Weibull distributions lack efficient fits for skew data. For a detailed discussion about the GED, we refer to [10] . One of the several properties of this distribution family is that its nature (concave density, simple form of the pdf and cdf, behavior of the hazard rate function, simple procedure for generating random numbers) leads to easier modeling of skew data (see [11, 12] ). Specifically, we note that the GED distribution is a generalization of the standard exponential distribution (which can be obtained for θ = 1). The connection between Exp(θ) and GED(θ) is established by a monotone transformation τ(·) = − log(1 − e −(·) ). Several papers deal with estimation procedures for the parameters of the GE distribution based on records and order statistics (see, for example, Raqab and Ahsanullah [13] ) and prediction inference for order statistics from the GED (see [7] ).
Let us suppose we observed the first n k th lower record values R 1(k) = r 1(k) , R 2(k) = r 2(k) , ..., R n(k) = r n(k) from GED(θ). From (4), (5) , and (1), we can easily construct the likelihood function for θ, given r (k) , as:
where u(r (k) ) = ∏ n i=1 e −r i(k) /(1 − e −r i(k) ) and τ(r n(k) ) = − log(1 − e −r n(k) ). Here, we denote log as the natural logarithm.
Further, we can extend the reasoning about the parameter θ by supposing that it is a realization of a random variable with prior distribution:
where a, b > 0 are parameters of the prior distribution. These parameters are chosen in most cases based on realizations of previous experiments or relying on the knowledge that the researcher owns. With this in mind, it is easy to obtain the posterior distribution of θ, given r (k) , as:
where Γ(·) is the complete gamma function. It is well known (see [14] ) that the Bayes estimator of θ, with respect to squared error loss (SEL), is the mean of the posterior density (8), i.e.,
The marginal density function of the j th order statistic from a sample of size m from GED(θ) is given by (see [15] ):
where B(·; ·) is the complete beta function. The Bayesian predictive density of X, given r (k) , is obtained as an integral of the posterior density (8) multiplied by the density function (4) with respect to θ, i.e.,
By proceeding as before, the Bayesian predictive density of Y j:m , given r (k) , is obtained as an integral of the posterior density (8) multiplied by the conditional density (10) with respect to θ, i.e.,
For special cases j = 1 and j = m, the previous formulae reduce to:
and:
which represent the predictive densities of the minimum and the maximum of a future sample of size m, given r (k) .
Prediction Intervals of Order Statistics
In this section, we construct 100(1 − α)% prediction intervals for Y j:m , given r (k) , 1 ≤ j ≤ m. For the Bayesian two-sided equi-tailed interval, we need to obtain the solutions of the following equations
where L and U are lower and upper interval bounds, respectively, with F Y j:m (x|r (k) ) = P{Y j:m ≤ x|r (k) } as the predictive distribution function of Y j:m , given r (k) . Its form is given by:
for y > 0. Due to a rather complicated form of (14), we can only find the solutions of (13) numerically. If (12) possesses a unimodal shape, the 100(1 − α)% highest posterior density (HPD) interval for Y j:m , given r (k) , could be presented by the set:
where π α is the largest constant such that P(Y j:m ∈ R(π α )) ≥ 1 − α. The lower and upper bounds of the 100(1 − α)% HPD interval for this case, denoted as (u Y j:m ;1 , u Y j:m ;2 ), are the solutions of the following optimization problem (see [16] , Theorem 1).
In Section 5, we present the construction of these posterior intervals on an example. Case When j = m (Maximum of the Future Sample)
Within this special case, (14) simplifies to:
so we can express the lower α th quantile ξ Y m:m ,α (a, b) of (16) explicitly as:
Therefore, it is then reasonable to think of the interval (0, ξ Y m:m ,1−α ) as the upper one-sided 100(1 − α)% Bayesian predictive interval for Y m:m , given r (k) .
Moreover, we can directly obtain the 100(1 − α)% Bayesian two-sided equi-tailed prediction interval for the maximum of a future sample of size m by:
The uni-modal shape of the pdf of Y m:m , given r (k) , can be confirmed based on (16) . Therefore, the procedure (15) for obtaining HPD intervals holds.
Point Predictors of Order Statistics
In this section, we obtain Bayes point predictors for order statistics from a future sample of size m based on the observed k th lower record values, with respect to the squared error loss (SEL) function, as:
where we have 
For special cases j = 1 and j = m, we have:
Further, we find the mean squared prediction error (MSPE) ofŶ j:m , for 1 ≤ j ≤ m, as:
The value of MSPE( Y j:m ) can only be estimated numerically because of its complicated form. For case j = m, the MSPE (22) slightly reduces its complexity. Remark 1. When applying absolute error loss function, the point predictor of the maximum of a future sample is the median of the predictive density (12), i.e.,
Remark 1. The flexibility of the shape of the prior density is allowed by considering mixtures of prior distributions. Following the same construction principle of (8), if we take π(θ) = ∑ d j=1 β j π (a j ,b j ) (θ) as a prior distribution, then π(θ|r (k) ) = ∑ d j=1 β j (r (k) )π (a j ,b j ) (θ|r (k) ), where β s (r (k) ) = β s w s (r (k) )/ ∑ d j=1 β j w j (r (k) ) and w s (r (k) ) = b a s s Γ(n + a s )/Γ(a s )(b s + kτ(r n(k) )) n+a s for s = 1, . . . , d. The Bayes point predictor Y j:m , in this case, is given by:
where ψ(·) is a digamma function.
An Illustrative Examples
In this section, we investigate and compare the performances, through an illustrative example, of the inferential procedures presented in this paper.
For illustrating the usefulness of our proposed predictors, we used a dataset representing time to failure of steel specimens subjected to cyclical stress loading of 35. 5 In [18] , the authors assumed that these data followed the two-parameter GED(4.1016,0.0062). Therefore, when all elements of this dataset are multiplied by 0.0062, we have a dataset that follows the one parameter GE(4.1016); see [10] .
The k th lower records from newly formed data: provide us the basis for the Bayesian inferential procedures developed in previous sections.
It is interesting to make results comparable with those found in [9] , where the k th observed upper record values are used as the basis of Bayesian inferential procedures for the exponential distribution. Therefore, we consider three cases with (a, b) = {(0.5, 0.5), (1, 1), (2, 2)} as the parameter values of prior distribution, denoted as Cases I, II, and III, respectively. Jeffrey's non-informative prior with (a, b) = (0, 0) is considered as well.
To compare the proposed methods, a numerical study was conducted in statistical software R [19] , up to four digit accuracy. It is important to note that the shape of the posterior density function for all cases under consideration followed a similar uni-modal shape as the one presented in Figure 1 . Therefore, using the nominal value α = 0.05, we obtained the 95% Bayesian two-sided equi-tailed and HPD intervals for the order statistics from future samples of size m = 5, 10, and 20. The data analysis indicated that the corresponding Bayesian credible intervals differed notably when compared with the case of non-informative priors in the sense that they provided more accurate results. Furthermore, when the prior information became available, the width of the intervals decreased. Case III dominated in these circumstances, which was quite reasonable due to the mean and variance of the prior distribution for this case. Furthermore, the HPD method was seen to be more precise than the other method. However, it was seen that the HPD method had several drawbacks when considering the minimum of the sample as the size of the future sample increased. Therefore, the Bayesian equi-tailed interval was adopted as preferable for considerations in practice. Since the MSPEs of the point predictors depend on θ, we evaluated the estimate of θ from (9) . These results are presented in Tables 1-4 for Cases I,  II , and III and for the case of non-informative priors, respectively, when k = 1 and 2.
MSPEs were increasing with respect to k, while the equi-tailed credible interval width was decreasing with respect to k. Case III did not dominate other cases. Case III did not have the smallest values of the MSPEs, and it did not have the shortest intervals everywhere. In the most cases, the HPD intervals were shorter than the equi-tailed ones. 
Conclusions
In this paper, we addressed the problem of presenting Bayesian point predictors of order statistics of a future sample of size m based on the k th lower record values from a GED. With respect to the SEL, we investigated the point prediction of order statistics from a future sample. Furthermore, we presented the construction of Bayesian and HPD intervals. An illustrative example was given to show the implementation of the procedures developed.
It may be interesting to compare point predictors for order statistics based on lower record values from GED with those point predictors of order statistics when upper record values are observed from the exponential distribution. This may motivate researchers to transform data from the exponential distribution to the GED in order to obtain better point predictors.
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